§2 provide major assistance for that proof. The extension of the Decomposition Theorem from 3-manifolds in PCC to all 3-manifolds with connected nonvacuous boundary will be accomplished in §4 by an application of Theorems 1 and 2 below. One observes the analogy between the Decomposition Theorem and Theorem 2. Theorem 1. Let M be a 3-manifold with connected nonvacuous boundary. Then M is homeomorphic to a connected sum of a (possibly trivial) 3-manifold in PCC anda (possibly trivial) 3-manifold with vacuous boundary. The summands are uniquely determined up to homeomorphism.
The proof of Theorem 1 follows readily from remark 1 of Milnor [3, p. 5 ].
Theorem 2. Let M be a nontrivial 3-manifold with vacuous boundary. Then M is homeomorphic to a connected sum Px §-■ • # Pn of §-prime 3-manifolds. The summands Pi are uniquely determined up to order and homeomorphism.
The present Theorem 2 is Theorem 1 of Milnor [3] . Extension of results. The author uses the methods of this paper to show in [1] that there is a unique decomposition theorem for compact, orientable 3-manifolds with several boundary components. It is also shown in [1] that the problem of classifying the compact, orientable 3-manifolds with several boundary components reduces to the problem of classifying the A-prime 3-manifolds.
2. Some lemmas for Theorem 3. Let F be a 2-manifold of genus zero whose boundary has n + l components, for some nonnegative integer n, i.e. F is a disk with n holes. If a 3-manifold M is homeomorphic to F x [0, 1], then M is called a handlebody of genus n. In the case that n = 0, one says Misa trivial handlebody. In the case that »=1, one say that M is a handle. Lemma 1. Let Tbe the union of a finite family of handlebodies Kx,..., Kn (some of which, perhaps, are trivial) such that the intersection of any K, with the union of all the other handlebodies K¡ is a finite union of disjoint disks on bd (Kj). IfTis orientable and connected, then T is a (possibly trivial) handlebody.
The proof of Lemma 1, which is omitted here, is by an induction on the number n. Lemma 2. Let M be a 3-manifold and let D be a disk in bd (M). Then there is a 3-cell K in M, lying in an arbitrarily small neighborhood of D, such that K n bd (M) = D. AndMxcl(M-K).
The proof of Lemma 2 is omitted. Since 7"ä cl (F' -F), since F is A-prime, and since T' u F is nontrivial, the handlebody T' must be trivial. The conclusion now follows from Lemma 5 because YxY'.
Lemma 7. Let P be a ¿\-prime 3-manifold in the class PCC and let Ex,... ,"En be a collection of disjoint disks, each properly imbedded in P. Proof of (b). Suppose that the closure in F of every component of F-(Ex u ■ • • u Fn) is a 3-cell. The intersection of two of these 3-cells is the union of some of the disks E,. Therefore, these 3-cells satisfy the criteria for the handlebodies of Lemma 1. Hence, F is a handlebody. Since F is A-prime, its genus is one.
3. Decomposition in PCC. This entire section is devoted to the proof of Theorem 3, which is the restriction of the Decomposition Theorem to 3-manifolds in the class PCC. Proof of (a). Suppose that M is not already A-prime. Then M is homeomorphic to a disk sum Mx A M2 where Mx and M2 are both nontrivial. One observes that a 3-manifold in the class PCC is bounded by a 2-sphere if and only if it is a 3-cell. Hence, the genera of bd (Mx) and bd (M2) are positive. One also observes that genus (bd (A/)) = genus (bd (Mx)) + genus (bd (M2)). Therefore, the decomposing process terminates in not more than genus (bd (M)) steps, which proves (a).
Proof of (b). Suppose that MxPx A • • ■ A Pn, where Px,...,Pn are A-prime 3-manifolds. Then let A be a 3-cell, and let Dx,..., Dn be disjoint disks on bd (A). The 3-manifold M* is obtained by pasting a disk on bd (P,) to D¡, for 7=1,..., «(see Figure 1 ). Since M*x Px A-■ ■ AP", it follows that M* is homeomorphic to M. It will be convenient to work with M*.
Dx D2 Figure 1 Let F be a properly imbedded disk in M* such that M*-E has two components and such that the closure of each of these components is nontrivial. The closures of the components of M* -E will be called Mx and M2.
From an induction on the number n of A-prime summands F¡ of M*, it follows that (b) of the theorem can be proved by establishing the following statement (which will be done) :
A. There is a renumbering of the Pj's such that for some integer r with 1 ^ r ^n, MxxPx A • • • A Pr and M2xPr+x A • • • A P".
It will be assumed that the components of E n (Dx u • • • u Dn) are simple arcs and simple loops, each a crossing of surfaces, for a general position argument indicates that it suffices to consider this case.
Basis step. Suppose that E n (Dx u ■ • • u Dn) is void. One assumes that the disk E lies in some Py, for otherwise E would lie in the 3-cell A, which would imply statement A immediately. Surely Pt -E has two components, for otherwise M* -E would have but one component. Moreover, since Py is A-prime, the closure X of one of the two components of Pj -A is a 3-cell. The disk D, lies on bd (X), for otherwise X would be the closure of a component of M* -E, i.e. X would be Mx or M2, contradicting their nontriviality. If X<=MX, then By Theorem 3, u = r and there is a reindexing of the Af's such that for i=l,..., r, NiXPi. By Theorem 2, s=t -u and there is a reindexing of the Ff's such that for /= 1,..., t=u, Vtx Qi, and, therefore, Vfx Q*. The proof of the Decomposition Theorem is now complete.
